We study the coupling of the spin of Bose-Einstein condensed atoms to the mechanical oscillations of a nanoscale cantilever with a magnetic tip. This is an experimentally viable hybrid quantum system which allows one to explore the interface of quantum optics and condensed matter physics. We propose an experiment where easily detectable atomic spin-flips are induced by the cantilever motion. This can be used to probe thermal oscillations of the cantilever with the atoms. At low cantilever temperatures, as realized in recent experiments, back-action of the atoms onto the cantilever is significant and the system represents a mechanical analog of cavity quantum electrodynamics. With high but realistic cantilever quality factors, the strong coupling regime can be reached, either with single atoms or collectively with BECs. We discuss an implementation on an atom chip. [2, 3, 4, 5, 6 ] and superconducting electrical circuits have shown effects of cavity quantum electrodynamics [7] , demonstrating that microand nanostructured condensed matter systems enter a regime described by concepts of quantum optics. A new exciting possibility beyond this successful conceptual interaction is to physically couple a quantum optical system to a condensed matter system. Such a hybrid quantum system can be used to study fundamental questions of decoherence at the transition between quantum and classical physics and has possible applications in precision measurement and quantum information processing.
Quantum optics and condensed matter physics presently show strong convergence. On the one hand, quantum optical systems, most notably neutral atoms in optical lattices, have been used to experimentally investigate concepts of condensed matter physics such as Bloch oscillations, Fermi surfaces, and strongly correlated quantum phases [1] . On the other hand, mechanical resonators have been laser cooled [2, 3, 4, 5, 6] and superconducting electrical circuits have shown effects of cavity quantum electrodynamics [7] , demonstrating that microand nanostructured condensed matter systems enter a regime described by concepts of quantum optics. A new exciting possibility beyond this successful conceptual interaction is to physically couple a quantum optical system to a condensed matter system. Such a hybrid quantum system can be used to study fundamental questions of decoherence at the transition between quantum and classical physics and has possible applications in precision measurement and quantum information processing.
Atom chips [8] are ideally suited for the implementation of hybrid quantum systems. Neutral atoms can be positioned with nanometer-precision [9] and trapped at distances below one micrometer from the chip surface [10] . Full quantum control of atoms in chip traps is a reality [11, 12] . Atom-surface interactions are well understood [13] and can be controlled by choice of materials and fabrication techniques. This is an advantage over systems such as ions or polar molecules on a chip, which have recently been considered in this context [14, 15] . A first milestone is to realize a controlled interaction between atoms and a nanodevice on the chip surface.
In this paper we investigate magnetic coupling between the spin of atoms in a Bose-Einstein condensate (BEC) [16] and a single vibrational mode of a nanomechanical resonator [17] on an atom chip. We find that the BEC can be used as a sensitive quantum probe which allows to detect the thermal motion of the resonator at room temperature. At lower resonator temperatures, the back- 87 Rb atoms (red: BEC wave function) at a distance y0 from a nanomechanical resonator. The free-standing structure (dark blue) is supported at one end to form a cantilever-type resonator that performs out-of-plane mechanical oscillations a(t). The single-domain ferromagnet (purple) on the resonator tip creates a magnetic field with oscillatory component Br(t) which couples to the atomic spin F. (b) Hyperfine structure of 87 Rb in the magnetic field B0. Hyperfine levels |F, mF are coupled (blue arrows) if the Larmor frequency ωL is tuned to the oscillation frequency of the resonator. The atoms are initially prepared in one of the magnetically trappable states (red), see text.
action of the atoms onto the resonator is significant and the coupled system realizes a mechanical analog of cavity quantum electrodynamics (cQED) in the strong coupling regime. We specify in detail a realistic setup for the experiment, which can be performed with available atom chip technology, and thus allows one to explore this fascinating field already today.
The physical situation is illustrated in Fig. 1(a) . 87 Rb atoms are trapped in a magnetic microtrap at a distance y 0 above a cantilever resonator, which is nanofabricated on the atom chip surface. The tip of the cantilever is functionalized with a single-domain ferromagnet which creates a magnetic field with a strong gradient G m . The magnet transduces out-of-plane mechanical oscillations a(t) = a cos(ω r t + ϕ) of the cantilever tip of amplitude a ≪ y 0 into an oscillatory magnetic field B r (t) = G m a(t)e x in the center of the microtrap. The orientation of the magnet is chosen such that B r is perpendicular to the static magnetic field B 0 = B 0 e z in the trap center. The atomic spin F interacts with B r (t) via the Zeeman Hamiltonian
where µ = −µ B g F F is the operator of the magnetic moment. In this way, the ferromagnet establishes a coupling between the spin and the resonator mechanical motion. The ground state hyperfine spin levels |F, m F of 87 Rb are shown in Fig. 1(b) . The energy splitting between adjacent m F -levels is given by the Larmor frequency
Note that ω L is widely tunable by adjusting B 0 . This allows one to control the detuning δ = ω r − ω L between a given resonator mode of frequency ω r /2π and the atomic resonance in the trap center. Quickly changing δ switches the coupling on and off. On resonance (δ ≈ 0), the coupling leads to spin flips. In a magnetic trap, only weak-field seeking states are trapped, as indicated in Fig. 1(b) . This can be exploited in a simple way to detect the spin flips induced by the coupling: atoms initially trapped in state |1, −1 are coupled by the nanoresonator to state |1, 0 , where they are quickly lost from the trap. This is analogous to a cw atom laser experiment [18] , with the mechanical resonator inducing the radio-frequency magnetic field for output coupling. The rate Γ r at which atoms are coupled out of the BEC is a sensitive probe revealing the temporal dynamics of the resonator motion.
To derive Γ r , we follow the theory of [19] , which includes effects of interatomic interactions, but neglects gravity. This is justified here due to the high trapping frequencies. The trapped BEC in |1, −1 is assumed to be in the Thomas-Fermi (TF) regime. It is coupled with Rabi frequency Ω R = µ B G m a/h √ 8 to |1, 0 , where a continuum of untrapped motional states is available to the atoms. The energy width of this continuum is given by the BEC chemical potential µ c . For typical parameters (see below),hΩ R ≪ µ c , and only a fraction ≃hΩ R /µ c of the BEC atoms is resonantly coupled. In this limit [19] ,
where r c = hδ/µ c . Output coupling takes place on a thin ellipsoidal shell of resonance with main axes r i = r c R i , where R i are the TF radii of the BEC. Maximum coupling occurs for r c = 1/ √ 3. Figure 2 (a) shows an implementation which we envisage in our lab. The atom chip is fabricated by several steps of e-beam lithography on a silicon-on-insulator wafer in combination with lift-off metallization and selective etching of the oxide layer to create free-standing Si structures. The atoms are trapped in a Ioffe-type trap created by currents in the chip wires [8] . Our numerical simulation of the trapping potential ( Fig. 2(b) ) includes the magnetic fields of the wires, the Co magnets, the homogeneous field B b , gravity, and the Casimir-Polder surface potential [13] . A stable trap is formed for distances y 0 > 500 nm above the chip surface. Trap frequencies are adjustable in the kHz-range, the aspect ratio is ω z /ω x,y ≈ 0.1. The background trap loss rate γ = γ tbl + γ 0 is dominated by three-body collisions [20] with γ tbl = 2.2×10 −12 s 7/5 ×ω 12/5 t N 4/5 for |1, −1 , wherē ω t = (ω x ω y ω z ) 1/3 . Background gas collisions and atomsurface interactions contribute a much smaller rate γ 0 .
The ferromagnet is a single magnetic domain whose magnetic moment µ m is spontaneously oriented along its long axis due to the shape anisotropy. For Co nanobars, switching fields > 500 G [21] ensure that the magnetization of the bar is nearly unaffected by the fields applied for magnetic trapping of the atom, which are < 100 G. Approximating the bar by a magnetic dipole, we have G m = 3µ 0 |µ m |/4πy 4 0 . By changing y 0 and the magnet dimensions, G m can be adjusted. Equation (1) suggests that the strength of the atom-nanoresonator coupling can be maximized by increasing G m as much as possible. However, the atoms experience a force in this field gradient, and an excessively large G m would strongly distort the trapping potential. To mitigate distortion, two compensation magnets are placed next to the coupling magnet with identical direction of magnetization. This reduces the static field gradient at the location of the atoms, while the oscillatory field B r (t) remains unaffected as the compensation magnets do not oscillate.
Nanomechanical resonators have a complex spectrum of vibrational modes. Due to their high quality factors Q = 10 3 − 10 5 [17, 22, 23] , the modes are well resolved. The BEC is coupled to the fundamental out-of-plane flexural oscillation at frequency ω r /2π ≈ 0.16 E/ρ (t/l 2 ) [23] . Here, t ≤ w ≪ l are the dimensions, E is Young's modulus, and ρ is the mass density of the cantilever. For Si cantilevers with l = 1 − 10 µm, typical frequencies are ω r /2π = 100 − 1 MHz. We model the cantilever tip as a harmonic oscillator of frequency ω r with an effective mass m eff ≈ 0.24ρlwt, obtained by integrating over the fundamental mode function.
In contrast to the BEC, which is a prime example of quantum-mechanical coherence, dissipation and thermal effects play an important role in the cantilever dynamics. In thermal equilibrium with its environment at temperature T , the cantilever performs oscillations at frequency ω r with random amplitude a and phase ϕ [24] . Both a and ϕ change on a timescale κ −1 , where κ = ω r /2Q is the damping rate. For a high-Q cantilever, however, this timescale is longer than the time scale Γ −1 r of coupling to the BEC, as we will show below. This allows one to use the BEC as a probe to directly monitor the thermal fluctuations. In a single shot of such an experiment, the cantilever performs simple harmonic motion with constant a and ϕ. The BEC in |1, −1 is coupled to the cantilever for a time τ ≪ κ −1 and the remaining number of atoms N (a, τ ) = N exp[−Γ r (a) τ ] is measured. Repeating the experiment, one observes fluctuations of N (a, τ ) due to the fluctuations of a. Figure 3(a) shows a histogram of N (a, τ )/N . Since Γ r ∝ a 2 ∝ n, the histogram reflects the exponential distribution of phonon numbers n in the thermal state of the resonator, with Γ r given by the mean phonon number n th = [exp(hω r /k B T ) − 1] −1 . As a realistic example, we take a Si cantilever with (l, w, t) = (7.0, 0.2, 0.1) µm, m eff = 3 × 10 −16 kg, and ω r /2π = 1.12 MHz [30] . It carries a Co magnet of dimensions (l m , w m , t m ) = (1.3, 0.2, 0.08) µm; the two compensation magnets have the same cross section and 5 µm length, the gap between magnets is d = 200 nm. Trap parameters optimizing the ratio Γ r /γ for a BEC of N = 1000 atoms are given in Fig. (2) . For givenω t , we adjust G m to the maximum value allowed by trap distortion [31] . The mean coupling rate for r c = 1/ √ 3 is Γ r = 2.1 kHz. Background losses are much smaller, γ = 0.01 Γ r . Taking a moderate Q = 5 × 10 3 and τ = 0.2/ Γ r , we have κτ = 0.07. This shows that coupling the BEC to the thermal motion of the resonator is easily achieved with standard experimental parameters.
At room temperature, the thermal equilibrium state of the resonator has an average phonon number n th ≫ N , and the coupling does not significantly perturb the state of the resonator. By cooling a resonator in a dilution refrigerator, phonon numbers as low as n th = 25 have been observed [22] . Recently, laser cooling of mechanical oscillations was demonstrated [2, 3, 4, 5, 6] , which opens the exciting perspective of preparing a single mode of the resonator with very low n th or even reaching the quantum mechanical ground state (n th ≪ 1) without a cryostat. At low mode temperatures, n th ∼ N and the back-action of the BEC onto the resonator cannot be neglected. Every atom changing its state changes the number of phonons in the resonator mode by one. In this regime, it is possible to use the BEC as an actuator for the mechanical oscillations. The two systems exchange energy coherently, increasing or decreasing the number of phonons depending on the initial state of the BEC.
In analogy with cQED, we derive a fully quantummechanical theory for the dynamics of the coupled system. We now consider the transition |2, 1 ↔ |2, 2 , where both states are magnetically trapped. The transition can be decoupled from other m F -levels by making use of the quadratic Zeeman effect or by using microwaves to induce m F -dependent energy shifts [25] . A BEC of N two-level atoms with level spacinghω L between states |1 ≡ |2, 1 and |2 ≡ |2, 2 can be described by a collective spin S = N/2 with Hamiltonian H BEC =hω L S z and eigenstates |S, m S , |m S | ≤ S [26] . The expectation value S z = 1 2 (N 2 − N 1 ) is a measure of the difference between the populations N 2 and N 1 of level |2 and |1 . The Hamiltonian of the quantized resonator is H r =hω r a + a, where a (a + ) is the lowering (raising) operator for phonons in the fundamental mechanical mode. The coupling Hamiltonian is obtained by replacing g F F x → S x and a(t) → a qm (a + + a) in Eq. (1), where a qm = h/2m eff ω r is the r.m.s. amplitude of the quantum mechanical zero-point motion. For the coupled system, H = H r + H BEC + H Z . With S ± = S x ± iS y and applying the rotating-wave approximation, we obtain the Tavis-Cummings Hamiltonian [26] ,
where g = µ B G m a qm /2h is the single-atom singlephonon coupling constant. In cQED, Eq. (4) usually describes the coupling of atoms to the electromagnetic field of a single mode of an optical or microwave cavity [26] . Here, it describes the coupling to the phonon field of a mode of mechanical oscillations. In this sense, this is a mechanical cQED system. For a single atom (N = 1), the condition for strong coupling is g > (κ, γ). We maximize g/(κ + γ) by optimizing resonator, magnet, and trap parameters. A compromise has to be made between high ω r and small m eff on one side and high Q on the other. We take a Si cantilever with (l, w, t) = (5.0, 0.05, 0.05) µm, ω r /2π = 1.8 MHz, and assume Q = 10 5 as in recent experiments at low T [22] . For N = 1 there is no collisional loss, therefore higherω t is possible, until γ increases due to Majorana spin flips. We find an optimum trap with ω t /2π = 250 kHz and y 0 = 330 nm, realistic values on atom chips. The desired G m is created by a Co island with (l m , w m , t m ) = (380, 100, 55) nm and d = 30 nm. We obtain (g, κ, γ) = 2π × (175, 9, 9) Hz. For these parameters, coherent dynamics occur at a faster rate than dissipative dynamics, realizing the strong coupling regime of cQED. To prepare the resonator with n th < 1, T < 0.1 mK is required. Such low temperatures could perhaps be achieved by laser cooling. Stronger coupling at higher T would be possible with a smaller resonator, provided that high Q can be maintained.
For a BEC of N atoms coupled to the resonator, the coupling is collectively enhanced. Coherent dynamics occur already if the weaker condition g √ N > (κ, γ) is met [27] . This is still true for a resonator in a thermal state as long as n th ≪ N , putting less stringent limits on T . Maximizing g √ N /(κ + γ) for N = 5 × 10 3 atoms in state |2, 2 and the same resonator parameters as above, we find a trap withω t /2π = 3.6 kHz, y 0 = 2.2 µm, (l m , w m , t m ) = (1.7, 0.20, 0.13) µm, and d = 40 nm. Here, γ is dominated by two-body hyperfine changing collisions in state |2, 1 . At T = 50 mK (typical in a dilution refrigerator), n th = 580 ≪ N . Strong coupling is reached with (g √ N , κ, γ) = 2π × (268, 9, 95) Hz. A related quantity is the N -atom cooperativity parameter, C N = N g 2 /2κγ. In the regime C N > 1, mechanical analogs of optical bistability and squeezing can be observed. For our parameters, C N = 42.
In a quantum Monte Carlo simulation, we couple a BEC in state |S = N/2, m S = N/2 (i.e. all atoms in state |2 ) to a resonator with n th ≪ N . The coupling drives the resonator out of thermal equilibrium into a state with a mean phonon number n ≫ n th . Conversely, if the BEC is prepared in state |S = N/2, m S = −N/2 (all atoms in state |1 ), excitations are initially transferred from the resonator to the BEC, creating a state with n ≪ n th . The time scale for both processes is π/2g √ N . Depending on the initial conditions, the BEC can therefore be used to drive or cool the resonator mode.
In deriving Eq. (4), we have neglected the coupling between the internal and motional degrees of freedom of the BEC. This is justified if the trapping potential is identical in states |1 and |2 . While the trapping frequencies in a magnetic trap differ by √ 2 for these states, an electrodynamic microtrap [28] creates a potential which is identical for all levels of F = 1 and F = 2. Coupling to states in F = 1, where collisional loss is reduced, we obtain (g √ N , κ, γ) = 2π × (268, 9, 9) Hz and C N = 443 for the above resonator.
We have shown that a BEC on an atom chip can be used as a sensitive probe, as a coolant, and a coherent actuator for a nanomechanical resonator. The coupling could be used to transfer nonclassical states of the BEC to the mechanical system. Due to the dissipative coupling of the resonator to its environment, interesting questions of decoherence arise and can be studied with this system. Instead of coupling different spin levels, it is also possible to couple the resonator to the motional degrees of freedom of either a BEC or a single atom, similar to the coupling mechanism proposed for a nanoscale ion trap in [14] . In a recent experiment, a spin resonance transition in a thermal atomic vapor was excited by a driven mechanical resonator with a magnetic tip [29] . We expect that the system considered here, though requiring a smaller resonator and much better control over the atoms, can be realized in the near future.
